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GENERAL DEMONSTRATIONS of the THEOREMS for the 
SINES and COSINES of MULTIPLE CIRCULAR ARCS, 
and alfo of the THEOREMS for exprefing the POWERS of 
SINES and COSINES by the SINES and COSINES of MUL- 
TIPLE ARCS ; to which is added a THEOREM by help whereof 
the fame METHOD may be applied to demonfirate the PRO- 
PERTIES of MULTIPLE HYPERBOLIC AREAS. By the 
Rev. J. BRINKLEY, A. M. ANDREWS ProfeJJbr of AJlronomy, 
and M. R. I. A, 



1 HEOREMS by help of which the chords of multiple cir- 
cular arcs may be found in terms of the chord of the fimple 1797. 
arc were firft given by Victa, and afterwards in a different 
manner by Mr. Briggs, which are very fully explained in the 
Trigonometria Britannica, and their ufes in constructing trigo- 
nometrical tables fhewn. From thefe may readily be deduced 
theorems for the cofines of multiple arcs in terms of the cofine 
of the fimple arc, and for the fines in terms of the fine of 
the fimple arc when the multiplier is an odd number, and 
confequently the feries firft given by Sir Ifaac Newton for the 
fine of a multiple arc when the multiplier is an odd number, the 
only cafe in which that feries terminates — Afterwards fimilar 

D 2 theorems 
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theorems for the fine and cofinc of multiple arcs, when the mul- 
tiplier is any whole p;>litive number even or odd, were given by 
feveral authors — But all the writers on this f'ubje i\ th it I have 
feen, except Dr. Waring, have deduced the law of the feri^s fiom 
obfervation in a few inftances without a general demonftration 

of its truth Dr. Waring has (Curv. algebr. Propr ihcor. 26 

& Cor.) by help of his admirable theorem for finding the fums 
of the powers of the roots of an equat. given a general de- 
monftration of the furies for finding the chord of the fupple- 
ment of a multiple arc in terms of the chord of the fupple- 
ment of the fimple arc, and consequently a general demon- 
ftration of the theorem for the cofine of a multiple arc in terms 
of the cofine of the fimple arc, and alfo of the fine of a multiple 
arc when the multiplier is an odd number. But in the cafe 
where the multiplier is an even number no demonftration, as 
far as I have feen, has ever been given by any author. 
Dr. Waring's method of demonftration cannot be applied to 
this cafe — The following demonftration extends to every mul- 
tiplier whether even or odd. The demonftrations for the fine 
and cofine of the multiple arc in terms of the cofine of the 
fimple arc, from whence the other theorems are immediately 
deducible, are of this kind — The probable law is deduced from 
obfervation in a few inftances and then the general truth of 
that conjecture is proved. Dr. Waring' s demonftration, although 
by a very different procefs, being founded upon the properties 
of algebraical equations, is alfo of this kind, as it depends 

upon 
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upon his theorem for the fums of the powers of the roots of 
an equation, of which he has given the fame kind of demon- 
ftration — Previous to the demonftrations of thefe theorems I 
have given a demonftration of the theorems for expreffing the 
fine and cofine of multiple arcs in terms compounded of the 
fine and cofine — Thefe theorems alfo have been given by many 
authors, and the only general demonftrations of them have been 
deduced from the hyperbola and the confideration of impoflible 
quantities — However ufeful impoflible quantities may be in 
difcoverihg mathematical truths they ought never to be ufed 
in Uriel: demonftration, and it muft feem a very circuitous mode 
to apply the properties of the hyperbola to demonstrate thofe 
of the circle — Thefe demonftrations are from the properties of 
the circle and the theorems for combinations. 

The theorems hitherto mentioned are more particularly 
applicable to the conftruction of trig, tables and the refolution 
of certain equations — In confequence of the great advances that 
have been made in phyfical aftronomy fince the time of 
Sir Ifaac Newton, it has been found neceflary for facilitating 
the calculation of particular fluents to exprefs the powers of 
the fine and cofine in terms of the fines and cofines of mul- 
tiple arcs, and theorems for this purpofe have been given by 
feveral authors. They have all however either deduced the 
general law from obfervation without demonftration, or gene- 
rally demonftrated it by help of impoflible logarithms — The 

demonftrations 
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demonftrations here given are general, and deduced from the 
circle by help of tht do rine of combinations. 

As the hype bola has been fo frequently ufed to demonftrate 
properties of the circle, I have fubjoined a theorem by which 
the connexion of multiple circular areas, and multiple hy- 
perbolic areas is more fully apparent than by any other that 
I have met with, and from whence by the doctrine of combina- 
tions, theorems may be deduced for hyperbolic areas fimilar to 
thofe of the circle. 

I. Theorem. Let s and c be the fine and cofine of any arc a, 
then, radius being unity, and n any whole number, 



i. The line of n a — nc t— c s + &c. 

i. 2. 3 

rr,, r c n ft. H — I n—% a „ 

2. The cofine of n a — e — — — ~ r s + &c. 

I. 2 *• 

In each the powers of / increafe by 2, and thofe of c diminifh 
by 2, till the laft becomes i or o. In the fine the coefficient of 



n—<v v 



(to v terms 

- v 



c s =± n - n—xn— 2 - - ^ mUc . n w— i 

i. a. 3 - 2 



+ when . — __ , s even 



n — v v 



and — when odd. And in the cofine the coefficient of c s = + 
«. T=i. (to y terms + wheQ J^ {$ cyen ^ _ when odd . 

I. 2. 3. V 2 

Demonftration 



[ 3* ] 

Demonftration — Let a, a\ a'\ d\ &c. reprefent any arcs 

s t s' f s\ s", their fines 
c, c, c\ c", their cofines 

Then by the common theorem for the fine and cofine of the 
fum of two arcs, 

The fine •) _ , csc' + sc 

mu r C of a + a ~ ? ■ 
The cofine J <-ee — ss 

The fine -> „ , . „ Kse'c" + sec + s" c' c — ss's" 

iofa+a+a=l 

The conne 3 ^cc c — ess — c s s> 

&c. &e. 



The following obfervations may be readily made by confidering 
the way which in thefe fucceffive values are formed. 

i. In both fine and cofine of the fum of n arcs {a + a + a" &c. 

the number of factors ss c c in any term is equal to n and 

that the fines j, /, /, &c. and alfo the cofines r, c\ e", Sec. are 
concerned exactly alike in the whole quantity. 

2. In the fine of the fum of n arcs {a + a > + &c.) the greateft 
number of cofines c , c, e", &c. together in any term = n — i. This 
number diminilhes by 2, and confequently the number of s, s\ &c. 
increafes by 2. 



3. In 
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3. In the cofme of the Aim of n arcs the greateft number 
of c t c\ c", &c in any term — tt the next lefs number n — 2, &c. 
and confequently the number of /, /> &c. increafes by 2. 

4. With refpedl to the figns of the different produces — In 
the fine of n arcs a + a + a + &c ) when 1, 5 or 4j& 4- I (p being 
any number j, s\ s" &c. are united together, the fign is + other- 
wife — . In the cofine of n arcs whea 2, 6, xo or ip (p beiog odd) 
s,s',s" are united together the fign will be — otherwife +. 

5. In no term can the fine and cofine of the fame arc 
occur. 

6. In any term srr - - - ce'e" whether of the fine or 

cofine if m be the number of the cofines and confequently m—n 
the number of the fines : then, becaufe each of the quantities 
s, s' &c. and alfo <:, c' &c. are concerned exactly alike in the 
fine of the fum of » arcs (a + a + a + &c), and alfo in the 
cofine of the fum of n arcs (a + d 4- a 4- &c.) and like wife be- 
caufe the fine and cofine of the fame arc cannot occur in the fame 

term, it follows that the number of terms j- / / (m terms) > 

cc c" \m — n terms) = the number of combinations of n things 

taken m together = n. n — 1. n—z - - - «■ — m — I 

1. 2. 3. - — m 

From 
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Fuom thefe observations it immediately follows, if #, a, 



n '"" 1 n. n — i n — 2 



a'\ ccc. are all equal, that the fine of na —tic s * — 

n — 3 j n »— 2 2 

c s + &c. andthatthecofmeof«^ = c — « c j + &c. and 

1. 2 

alfo that the general terms are as ftated in the theorem. Q^E. D. 

n — 1 n n — 3 ft— % 

II. Theorem, i. The cofine of n a = 2 c — «. 2 r -f 

«. « 3 ^ ^ gj. c t0 De con tinned by fucceflively diminiihing the 
1. 2 

n— » 

index of c by 2 till it becomes 1 or o, and affixing to c the coefF. 



u 



n —u—\ »■ n — u + 1. « — « 4- 2. - - to — terms 

+ 2 • of which the fiern is 

~~ u ° 

I. 2. -7 - - - — 

2 

« . 

4. when — is even, and — when odd. 



n — 1 n— 1 n — 3 n— 3 __ 

2. The line of »a = 2 c — n — 2. 2 c + 8cc. : v'i — e 2 

continued by diminifhing the index of c by 2 till it becomes 

n — u 

I or o, and affixing to c the coefficient 



,#-— r 



„_„ « — u+ 1. « — « + 2. - - ( terms) 

! 2 

-r 2 x — — -— of which the fign 

1. 2. u — 1 © 



2 
is + when «_+• 1 is odd and — when even. 
2 
v °l. VII. E Demonstr. 
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Demonstr, By fubftituting in the values of the fine and 
cofine of n a found by the laft theorem, for n fucceffively 2, 3, 
4, &c. and exterminating s it may be conjectured that the ge- 
neral terms of* the fine and cofine will be as here ftated. That 
this conjecture is true appears in the following manner: 



n- 



Let Be be a term in the cofine of n — r a, and Cc 

» — U — 2 



v'i — c 1 , and Dc Vi — c x terms in the fine of n — 1 a; and that 

the latter terms will be of this form appears from the former 
theorem. Applying the common theorem for the fine and cofine of 



n — u 



the fum of two arcs, it readily appears that the coefF. of c in the 
cofine of»d = B — C + D. 

Now fuppofing the theorem generally true and fubfiituting 
in the general terms for «, n — 1 and for u fubft. u, u— 1 and 
u + 1 fucceffively, the refult is 



B 




+ 
± 


n 
2 

n— 
2 


— «• 


-z n- 
X 


— 1 


• « 


— «. 


« — 


u 


+ 


1 


- 


- - 


- to 


u 

' — terms 
2 




1. 




2. 


3 


2 








- tc 


to 

u 

1 


u 

— terms 
2 


C 


-u 
X 


n — « 


+ 


1. 


n — 


■a + 


— r terms 


1. 


2. 


3- 














to 


u 

1 


-1 terms 



D = 
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U 



n—v—z n — u — r. ;/ — u to -- '-erms 

D = ± 2 X ~— 



2. 



u 



to — terms 
2 



f 






-C + D = <j + 



i 

L 



n — u — i 

+ 9. y n—i.n- 


-u 




u 






+ 2 X 2. n 

" 2 
n — «— i 


— I 
n- 




+ 2 x n — u — i. 


-u 



"\ 



yx 



n — u -f- I. 
I. 2. - 



n — u + 2 - to u 



2 terms 



- & 



n— «•— I ». « — « + I . n — U + 2 

± 2 x 



u 

to terms. 

2 



I. 2. 



2 



n -u — i ____ 

Let alfo Gc x be a term in the fine of n — i. a, and let 



He be a term in the cofine of n — i a, and it readily appears 

that G + H = coeff. of the term c s in the fine of n a. Now 
fuppofing the general term of the fine truly exprefled. 



E 2 



G = 
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«— I 

n—u—i ■— terms 

G = + 2 ,, «-*-//• » — //+ i - - - to 2 

~~ u — i 

I. 2. 3. ----- to terms 

° 1 

n-u-.i!I^~i. n—u +1 - - - \a U ~- tcrms 
H= + 2 



x .. ... . ^ — ^ 

I. 2. 3 - - - - - tcrms 

_. tt I 



«— « 4 X 2 « — tt — I. « — tt + I - to —~r~ tcrms 
G + H = + 2 x~ - - 



I. 2. 3 



U 1 

~~ terms 



u — i 



n—u n — u + i. « — u -f- 2 - to terms 

- + 2 X 2 



tt — I 
I. 2. 3 - - to — ^ — terms. 



Hence it appears that if the general tcrms are rightly exprefTed 
for the fine and cofine of « — i a, they arc alio rightly exprefTed for 
the fine and cofine of na, confequently if they arc true in the inferior 
values of n they are true in the fuperior, but they arc true in the 
inferior v &c. &c. 



III. Cor. If the feries be arranged in a contrary order : 

i. When 
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1. When# is«tf» the cofine of »« = + I + nc + «. # — 2 * 

1. 2 1.2.3.4. f 

t 2 2 2 a z> 

_ ' . /». « — 2. « — 4 - toT terms 
+ &c. and the general term is +■ f_ 

1. 2. 3. - - v 

v 

c where v is always even. When « is of the form 2/, (p being 

any o<W number the fign will be + or — according as - is odd or 

even and when a is of the form 4/, [p being any number) it. 

v 
will be + or — according as — is even or odd. 

2. When » is odd, the cofine of n a = + tic + n ' n r c — ^^ 

1. 2. 3 

n.n — i.tt — 3 - to--— terms « 

and the general term is + — : r 

G — 1. 2. 3 - - v c 

where v is always odd. When n is of the form 4/ -f- 1 the fign 

v + 1 . 
will be -f or — according as — ' — " odd or even, when of the 

*o 4- 1 
form 4/> + 3 it will be + or — according as is even or odd. 

Each feriesis to be continued till the coefficient becomes = 0. 
Deim. The general term of the cofine of n a. . 

= +- 
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_-.-.. ;/ 




n—u - 1 // u — u -j- i. ;/ — a -f- 2 - - -terms »-~« 


— 


+ 2 >: ~,. — -- c 




u 




i. 2. $ - - ;-tcims 


or 


fubiliiutim; for /:, n — v, the cocff. becomes 


± 


11. I-t- I. <y -{- 2 - « -} 1> — 4. » 4- V — 2 




2 2 '°— l 




I. 2 3 - - n — v 




2 




11 11 — V — -2 n — V j- - 1/ -\ If — -4. 11 -\- v — 2 


— 


L. - 2 ' , 2 w ' — ' 

r. 2. 3 - v 




j^n-n — v — 2. 11 — v — 4 - - n -f- v — 4. u + v — 2 



I. 2, 3 - - V 

1. When « is even and v v even it is of this form 



n. n — v — 2 - - n — 2. //. « 4~ 2 - - n -f- v — 2 



I. 2. ^ - - V 



2 2 2 2 2 v 

= 4- «. >/ — 2. « — 4 - - to ~ terms 



2 



j. 2. q - - v 



u n — v 
The fign is 4- or — according as — or —- — is even or odd. 



If 
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.-. Iv n be of the form ip (p being odd) the flgn is + or — 

ip — v . v 

according as — is even or odd .*. as ~ is odd or even. If n 

Ap — v 
be of the form /\.p then it is + or — as is even or odd 

v 
and v as ~ is even or odd. 

2t 



2. When n is odd and v v odd the gen. coefF. becomes of 



, . ,, . n. n — v — 2 - - n — i. «+i - - n-\-v — 2 

this form ± 

r. 2. 3 - - v 



= + 



2 2 2 2 v J r j 

n. n — r . n — 3 to terms. 



1. 2. 3 



The fign is + or — according; as — or — is even or odd. 

2 2 

. 4-P+ 1 — ^ 
.*. If 11 be of the form 4 / + 1 it is + or — as - or 

A.p-\~ 2 V + I . , , II-LI, ,, T r> 

— ! — is even or odd or .'. as — • — is odd or even, it n 

2 2 

1 ri r • • 4-P+1 V 4-P+4- V+l 

be of the form 4 j& + 3, it is + or — as — — or — — — 

v-\- 1 

or .*. as — — is even or odd. Whence &c. &c 

2 



W. Theorem- 
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IV. Theorem, i. When wis any even number The fine 



of n a — + 2 j - (. 2. « — 2 J" + &c. : y' 1 — -f* to be con- 
tinued by diminiiliing the index of s by 2 till it becomes 
unity. The upper figns take place when n is of the form zp 
(p being odd) and the lower when it is of the form 4/> (p being 
any number). 

- . u — I 

n u -\- i. n — it + 2 - to — — terms 

The general term is + ■ 

° u — I 

i. 2. 3 



2 



2 j- X </ i — j 1 : + when — ; 



isodd 'and«oftheform2/ 

« + i . 1 (P bein S odd 

when — ■— is even j 



+ when is even j 

2 J» and // of the form. \p (p being any number) 

— when is odd 

2. When « is any odd number, the fine of n a — + 

n — i n n — 3 » — 2 

2 s + n 2 x + &c. to be continued by diminiming the 
index of j by 2 till it becomes unity. The upper figns take 
pla^e when n is of the form \p + 1, and the under when of the 
form 4/> + 3> 

The 
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The general term is i 



n.n — »+■!.» — « + 2 - 



to — terms 

2 

X 



r. 2. 3 



2 



a — «— -I 

»— ». 
2 X 



4- when ^ is even 

■ 2 

■r-when — is odd 

2 



► and n of the form 4/ + 1. 



+ when — is odd 
2 



when — is even 

2 



> and « of the form 4/ -}- 3. 



Dimon. The general term of the fine of n X Qr-a = XII) 

u — 1 

«— 2/4. 1. n — « + 2 - to 
= + _ 



— terms 

2 n — u 



U 1 



2 . cs, Qr-a\ n 



1. 2. 3 * " ~2~ 

x j O — «, where Q,is a quad. 



1. Let n be of the form 2/» / being odd. The fine of 2/ 
X ~Q^a = j, 2/ — 2'Q,+ 2 Q— 2/ * = (becaule 2/ — 2. Q,is a mul- 
tiple of the circumference) fine 2 Q3-2/ <? = /, 2/ a .*• when « is of 
the form 2/, / being odd the general term of the fine, of na » 

Vol. VII. F + 
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U 1 



n — «+i. n — tt + 2 - to - - terms «— « \>i—u 
+ ! r 2 s,a x cs a, 

U I 

I. 2. 3 - 

J 2 

u + r 
+ when is odd and — when even. 



Let rt be of the form 4p, p being any number. 

The fine of \p X Qj—a = (becaufe \p Q^is a multiple of the 
circumference) = fine of — \pa~ — s, ^p a .-. when n is of 
the form \p the general term of the fine of n a — + 

- w -=iT7 . - to — terms „-„->-, 

_i_ — . . -<2 j <z Xfi - ^ — when 

« — i 
i. * - - - — 



is odd and + when even. 



2 

2. When » is odd. 



The general term of the cofine of n x Q^—a = (II) 



tt 



, «. « — u -|- i. « — & f 2 - to 2 terms 

u 

i. 2. ?, - — 

2 

Let « be of the form 4^ + i. 



fj - 



Q~-7> 



The co^rc of 4/> + i x (V— <? = cs a > ^ n _•_ 4 /> -{- 1 a = 

* J > Or" 4/ + * rt — ^ ne 4/ + 1 a .'. when « is of the lorm 4/ -f 1. 

the 
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the gen. term of the fine of n a = 






u 


n. n — u 4. i . n — u +2 

•4- - 


to — terms 

LU 2 


I. 2. 3 - 


« 

3* 



a *,<*' + when - is even and — when odd. 
Let n be of the form 4/ + 3. 



The cofine of 4/ + 3 X Qj— ^ = cs of 3 Qj— 4/ + 3 tf = (becatife 
adding or fubtradting £ the circumference changes the fign of 



the cofine) = — cs of Qr-4/ + 3 * = — .r. of 4j» + 3 <?. 



.-. When » ia of the form 4^+3 the general term of the fine of 



. n. n — u -f 1. n — u + 2 - to — terms n ~~u—i "~~ u 

, 2 'a j^ 

1. 2. 3- - - r 

_ when — is even and 4. when odd. Whence the truth, of 
the theorem will eafily appear. 

V. Cor. If the feries be arranged in a contrary order. 



2 2 
n. n — r 3 
The fine of n A = ns — s + &c. when » is any odd 

F 2 number 
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• * 

n. »— -2 3 



number: and the fine of n a = n s — n JL — Tx , &c 

i. a. 3 + 

X i/i-— x* when » is any even number. 

In the former cafe the general term is 



2 



2 a v-J* I 



». » — i..» — 3 to — j- terms v 

+ _- — : K x 

— i. 2. 3 - - - to v terms 

v tf+ I 

v being always odd, + when — ~ — is odd and — 
when even. In the latter cafe the general term is + 

2 2 2 2 1) -}. 1 

n. n—z . «— 3 . to — - terms „ s ^ 

t j- x ^i— s\ + w hen % is 

i. 2. 3 - - to v terms 

odd and — when even. 

This Cor. may be deduced from the theorem in the fame 
manner as the Cor. Art. III. was deduced from its theorem. 



Theorems for the Powers of the Sines aniCoJines. 

VI. Theorem. If c be the cofine of the arc a and rad. unity 
then n being any whole pofitive number. 



c = \§\ x: cs n a + n. cs n — 2 <* + &c cont. to 



terms 

2 

when « is odd and when n is even to % « + i taking only £ the 

laft 



[ 45 ] 



laft term. The general term is 



n, n — t. n — 2 - - to m terms 
i. 2. 3 - - m 



cin — %m a. 



Dem. Let a, <**} a'\ &c. reprefent any arcs 
c t c\ c", &c. their cofines 



Then by trig, cs, a X 2 cs, a* = cs, a-\- d + cs, a — a 



and in like manner cs,aXzcs,dx2 cs, a" = cs, a + d+ cs, a — a * 2 cs, «" 



= c s, a -f. a ' + a" + cs, a + a — a"+ cs, a — d -f a + cs, a — d — d', &c . &c . 
and it is evident that to multiply by twice the cofine of any 
arc it is only neceffary to encreafe and diminifh each of the 
former quantities a + a -h &c. a — d, &c by that arc, and take the 
fum of the cofines of the arcs fo encreafed and diminifhed : therefore 
becaufe in the product of the cofines of a, 2 d, i a, &c. all the 
arcs d, a", &c. muft be involved exactly alike, it follows that 

n — i 

2 x cs, a X cs, a' x cs, d' x Sec. = fum of the cofines of all the 



arcs formed by adding to a each combination of the n — i arches 
a, a, &c, taUen pofitively or negatively. Hence by the theorems 
for combinations, there will be 

i. term the cofine of a + a -\- d' + &c. 
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u — i terms the cofine (fum n — i arcs — i arc) (B) 



_ — terms the cofinc (Turn » — 2 arcs — fum 2 arcs) (C) 

1. 2. J J 



11 — r . n — 2 - n— ~m 



l 2. - ~ m 
fum m arcs) (H) 



terms the cofine (fum of n — m arcs 



n — 1 - - n — in — 1 . - , r 

— — terms the cofine (fum in atcs « — fum 

1. 2 - m — 1 

n — m arcs) (II') 



n — 1 terms the cofine (fum a arcs — fum n-—i arcs) (C) 



1. term the cofine (1 arc \d) — Sum n — 1 arcs) B'. 

Now if the arcs be all taken equal, all the Bs are equal to 
each other, all the O, &c. &c. and alfo B = — B', C = — C 
C:c. &c. and confequently cs, B = cs, B', ex, C = cs, C', &c. &c. 



.• n — r. - n — m n — 1 - n — m — 1 ,w 

— cs H + " U 

1. 2. - m 1. 2. 3 - m — 1 



= n. n — 1 - - n~m — 1 



cf, n — 2 in a. 
1. 2 - - m 



Whence 



[ +7 3 



M- «— * 

Whence c = Jl x cs na + n.cs n — a a + n.n — i es n— 4 <e + &c. 

I. 2 

continued to _Z_ terms when n is odd : but when n is even there 
2 



n 



will be a middle term »— 1. n — 2 - - — n 

~r~» rz — x ^> »— 2.7 * 

1.2 - - tr # 

— n 

n. n — 1 - - to — terms 
2 

= — : z — ~ 1 — x " oa '•' m this-cafe 

2. 1. 2. 3 — 2» 

c ^ i : X f j // ^ + n , cs "JiZZZa + &c, to J" term* + £ X 

»• » — i - - - terms.. 

2 



1. a. - - * 



2. 



VII. Theorem, i. When « is any odd number, and'j- the 



»— 1 



fine of any arc. a, rad. being unity, s = J! x ± s , n a + ft. s, n — * & 

n. n — 1 _ . # . n — r 

± r 2> s * » — 4 * + &c. continued to terms &c. the upper 

figns taking place when n is any odd number of the form 
4/> + 1, and the lower when of the form 4/> + 3. 



Thi 
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Hi n — i ^ - f to m terms 



The general m**. term i* ± — — - ; '" ' ■ ~ — — • a »**-« » * 

b I. 2. - *» 

+ when m is even 7 ^ ^ rf tKeform4i > + ,. 

— when « is odd J 
+ when « is odd 

— when m is even 



[ and n of the form 4/ + 3. 



2. When » is any even number. 

■■ -v*— 1 n 

s == 3' X + « *4 -+• n. cs n — 2 a ± Sec. (to - terms) + 



2 



«— 1 

1-1 



* X "-*- 1 ' n -* - ^* terms The upper fighs take place 

2. 1. 2. 3 - - 5- « 

when « is of the form 4/*, and the lower when of the form 2p, p 
being any odd number. The mfK term is 

+ n. n — 1 - lm terms 

— -\ .. cs n — 2 m a 

1. 2. 3 - [m terms) 
+ when m is odd ? and n q{ ^ fom ^ f ^^ odd . 

— when «; is even 3 

+ when m is even } „ , 

, , c and * of the form 4 /. 

— when m is odd J 

Dem. Let Q= a quadr. then (VI) cs. Qr~a)= J) x cs a. Q,— * 



^. &c. and the general - m'K term is 



n. n — 1. - to m terms 

1.2. 3 - m terms 

cs n — 2 m, Qj—a. . 

1. ill 
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i. i ft. When n isof the form \p + i» fubft. for », 4/ 4- i 



cs n — 2 m, Q — #= fJ", \p — 2 w 0^+ Q — n — 2 ma = (becaufc 
adding or fubtracting the circumference makes no alteration in 
the value of the cofine and adding or fubtracting ^ the circum- 



ference changes the fign of the cofine) + cs Q, — n — 2 m a — 
+_/, » — 2 ma + when w is even and — when odd. 

1. 2. When n is of the form 4/> + 3, fubft. for n, 4/* + 3, 



ex, n — 2 «. Qj— a = ex, 4/> + 3 — 2 *» O, — » — 2 w a = + J", n — 2 m a, 
+ when m is odd and — when even. 

2. 1. When n is even of the form 2/>, /> being odd, fubft. for# 



2j>, CS 71 — 2 m. O; — tf — fJ" 2/> — 2 wz Qj~ n — 2 ;» a =s + f J « — 2 OT rf, 
+ when /» is odd and — when even. 



2. 2. When k is of the form, 4/>; fubftituting for n y 4/», 



cs n — 2 m. Q; — tf = w 4/ — 2 w, Q; — « — 2 m,a = ± cs n — 2 zw, £ 
+ when in is even and — when odd. 



Whence fubftituting in the general term for the cs, Oj— <*, the 
s, a and for cs, n — 2 m a, the values above found, the truth of 
the theorem is evident. 



Vol. VII. G Theorem 
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Properties of tht Equilateral Hyperbola. 

VIII. Theorem. Let a, a, a" reprefent abfcifTas meafured 
from the centre on the axis of an equilateral hyperbola, and 
<?, o\ o" corresponding ordinates : let alfo the hyperbolic area 
contained by the femi axis (= unity), diftance from the centre 
to the extremity of the arc, and the arc, the abfeiffa of which is a 
and ordinate o", be equal to the Aim of the areas contained in the 
fame manner by the femi axis, difK and arcs the abfcifTas and 
ordinates of which arc a, a and o, 6 : then will a' — ad + o o 
and o" = ad -f- d o. 

Dem. Let the area A C V (fee fig.) = E C V + B C V, let the 
double ordinates FE^, £GB, aHA be produced to meet the 
afTymptote C to' x'y' N Y X m n W/>, and let fall the perp s . aw\ bx\ ey\ 
VN, EY, BX, AW. Becaufe ACV = EVC + BCV and 
becaufe (by prop, hyperb.) CVN = ECY = BCX = ACW 
v VNEY + VNBX = VNAWor VNEY = BAWX: and it 
has been proved by many writers on conies that when thefe 
areas are equal 

CN: CY:: CX: CW 
orVN: EY:: BX: AW 
Whence it follows that 

CV: Em:: B«: Af> 



or i : a — o : : a' — o : a - 



in 
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in like manner it may be fliewn 

that C V : : em: : bn: ap 

or i : a -f o : : a + o : a + o 
nence a — o =aa — ao — ao-\-oo 

and a" + o" = ad + ao _j_ tf'o + 00' 
and v a = ad -\-o 6 and #" — a 6 -\- d 0. Q; E. D, 

From the fimilitude between thefe theorems and thofe for the 
fine and cofine of the fum of two circular arcs, it is unneceflary 
to point out how every thing may be deduced for multiple hy- 
perbolic areas in the fame manner as was done for multiple 
circular arcs. 
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